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C/3 , Abstract 

Let n — 2m, m odd, e|m, and p odd prime with p = 1 mod 4. Let d — ^2{p<^+i) ■ ^^^^ paper, 
we study the cross-correlation between a p-ary m-sequence {st} of period p^™ — 1 and its decimation 
^ , {sdt}- Our result shows that the cross-correlation function is six-valued and that it takes the values 

I in {-1, ±p'" - 1, i-if^p™ - 1, ^'^~f^ p^ - 1}. Also, the distribution of the cross-correlation is 

, completely determined. 

' Index Terms, finite field; p-ary m-sequence; decimation; cross-correlation; 

rn _ 

' ■ 

1 Introduction 

One problem of considerable interest has been to find a decimation value d such that the cross-correlation 
between a p-ary m-sequence {st} of period p" — 1 and its decimation {sdt} is low. When gcd{d, — 1) — 
; I ■ 1, the decimated sequence {sdt} is also an m-sequence of period p" — 1. Basic results on the cross- 

^ correlation between two m-scquences can be found in [1-3]. When gcd{d,p" — 1) 7^ 1, the sequence {s^t} 

has period gcd(rf p^-i) ■ ^"-"^ ^^^^ case, there also are many good results which can be found in [4-7]. 

In [5], for an odd prime p, Choi, Lim, No, and Chung investigated into the cross-correlation of a p-ary 
m-sequence of period p" — 1 and its decimated sequence by d = ''2{p+^i) ' '^h'^i'^ = 2m and m is odd. 
They have shown that the magnitude of the cross-correlation values is upper bounded by ^^-^p^ + 1. 
Recently, for n = 2m, p = 3 mod 4, Luo, Hellesetli, and Kholosha [7] determined the distribution of the 
cross-correlation values of a p-ary m-sequence {st} of period p" — 1 and its decimated sequence {sdt} 

d = ^2{p'^+i) ' '^hcrc m is odd and e|m. They derived that the cross-correlation is six-valued. 
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It is not difficult to observe tliat the decimation value d in [7] is a generalization of that in [S], i.e., 
for p = 3 mod 4 the result in |Q can be generalized to a more general form. In fact, it can also be 
generalized to the case of p = 1 mod 4. In this paper, for p = 1 mod 4, we will combine the machinery 
in [S],[7] and [5] to study the cross-correlation between a p-ary m-sequence {st} of period p^™ — 1 and 

its decimated sequence {sdt} by the same d as that in [7], that is, d = 2(p°+i) ' ^1"^ ^^'^ ™ odd. We 
show that the cross-correlation is also six-valued. And the distribution of the cross correlation values 
is determined. 

2 Preliminaries 

For an odd prime p, let Fp^ denote the finite field with p" elements and F*„ = Fpn\{0}. The trace 
function Tr^J, from the field F^n onto the subfield Fpm is defined by 

Tr;^(a;) = x + " -f + • • • + xf""'"" , 

where h ~ n/m. 

We will use the following notations in the remaining part of this paper unless otherwise specified. 
Let p = 1 mod 4, n = 2m, e\m and d = ^2{p<!+i) ' "^ti^re m is an odd integer. Let a be a primitive 
element of Fp^ . Then we have gcd(d,p" - 1) = and d{p"'+'' + 1) = _p"' + 1 (mod - 1) (These 

also can refer to j6] or [7]). It should be pointed out that both ^ and d are odd when p = I mod 4. 

A p-ary m-sequence {st} is given by 

Si = Trl^(a*), 

where Tr" is the trace function from Fpn onto Fp. 

The periodic cross correlation function Cdir) between{sf} and {sdt} is defined by 

Cd{T) - J2 ^'*+^"''", 
t=0 

where < t < p^^ — 2 and a; is a primitive complex pth root of unity. 

Definition 1 (JBjl) A quadratic form xi,X2, ■ ■ ■ ,Xn in n indeterminates over Fp is a homogeneous 
polynomial in Fp[xi,X2, ■ ■ ■ , Xn] of degree 2, that is, 

n 

f{xi,X2, . . . , Xn) = ^ aijXiXj with a^j = a^^i € Fp. 
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The nx n matrix A whose (i, j) entry is aij is cahcd the coefScient matrix of /. From we know that 
every quadratic form over Fp is equivalent to a diagonal quadratic form aiXi + a2x\ + • • • + a^x"^ over 
Fp, where r < ?i is called the rank of /. For any b g -Fp, the number of solutions of f{xi, X2, ■ • • , Xn) = b 
is equal to the number of solutions of aix^ + a2x\ + • • • + a^a;^ = b. We denote A ~ aia2 ■ ■ ■ ar, then 
A is called the determinant of /. 

Definition 2 (JEl) The quadratic character o/Fpn is defined as 

{1, if a; is a nonzero square in GF(p") 
— 1, if X is a nonsquare in GF(p") 
0, if a; = 0. 

Definition 3 (J^) The canonical additive o/Fpn is defined as 

Definition 4 (J^) The Gaussian sum G{r],x) of rj and x 'is defined as 

G{ri,x) = ''li^)x{x)- 

3 The ranks of two quadratic forms 

In this section, we will give some results to prove our main theorem. First, using the similar method of 
[6] or [7], we can get the following four lemmas. 

Lemma 1 Let the symbols he defined as in section 2. Then the cross-correlation between {st} and {sdt\ 
is given by 

Cd(T) = -l + C(-l,c) = -l+ x{-x'' + cx) 

xeFpn 

= -l + i(F(-l,c) + F(-a^ca)) 

where c = a", and E{a, b) ^ J2 xlax^^+i + bxP"'^''+^). Further, qa,b{x) = Tr5'(aa;P'"+i + fexP^^'+i) 

is a quadratic form over Fp . □ 

Let ra.b be the rank of the quadratic form qafi{x). Then the following Lemma can be derived from 
CoroUary 5 of [5]. 
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Lemma 2 Let p = 1 mod 4. Let A is the determinant of qa.b{x), where x G Fpn . Then we have 

where ± depends on ri{A) and rj is the quadratic character of Fp. □ 

By Lemmas 1 and 2, in order to compute C(i(r), we need to find the values of r^i^c and r_^d . 
The foUowing Lemma wliicli can be found in [5] or [l] gives us a method to compute them. 

Lemma 3 ('f^,^^ Let f{x) € Fpn[a;] can be expressed as a quadratic form in GF{p)[xi,X2t ■ ■ ■ Xn], 
where x S Fp.> . Furthermore, let 

y = {y e Fp. : f(x + y) = f{x) for aU x e Fp.}. 

Then rank(f j =n - Logp | F | . □ 

Using Lemma 3 and the method of [5] or [7], we can get the following lemma. 

Lemma 4 Let the symbols be defined as before. Then the number of solutions of qa.b{x + y) = qa.b{x) 
for all X € Fpn is equal to the number of solutions of 

bP'^^^yP'^ + (aP'"'" + aP'^ yP' + by = (1) 

in Fpn . Furthermore, Since Eq. |ip is a Fpc -linearized polynomial, we know that the number of the 
solutions of it is 1, p'^ or p^'^ . Hence, ra^b = n-r n — e orn—2e. □ 

In fact, we can get further result about E{—a'^, ca). To this end, we need the following lemmas and 
corollary. 

Lemma 5 (Theorem 5.30 of l^) Let the symbols be defined as in section 2. Then 

where a € F* . □ 
Lemma 6 (Theorem 5.16 of J^) Let the symbols be defined as in section 2. Then 



if £^ even, 

'" + 
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-p" if odd. 



□ 



Corollary 1 Let the symbols be defined as in section 2. Then we have 
where a € F*. 

Proof: Note that ^ is odd when p = 1 mod 4. Combming Lemmas 5 and 6, the result follows. □ 

Lemma 7 Let the symbols be defined as before. Then 

(1) E{~a'^,ca) ^ 7]{c)p"\ 

(2) T'_^d f.^ = n. 

Proof: (1) Shiiilar to the proof of Lemma 1 in [7|, we can get 
Note that a is a nonsquarc in Fp^. By Corollary 1, we can get 

(2) By lemma 2 and the above result, we can get that r_„d = n. □ 
Combining Lemmas 1, 2, 4 and 7, we can get the following corollary. 

Corollary 2 Let the symbols be defined as above. Then we have 
and 

c(-i,c)e{o, ±,™, i^p-N ^^P-, ^^p-, ^^P™}. 

□ 

In fact, we can prove C(-l,c) ^ Before proving it, we need the following lemma. 

Lemma 8(1^) Let gv(z) = — vz + v, where v G F*n . Then the following results hold. 

(1) The Equation gv{z) = has either 0, 1, 2, or p'^ + \ roots in Fpn . 

(2) If gv{z) = has only one root in Fpn ^ then c is a square element in Fpn ; 

(3) Let Ni denote the number of v G F*n such that gv{z) = has only one root in Fpn . Then Ni ~ p"^'^. 

(4) If gv{z) ~ has only one root zq in Fpn, then zq satisfies {zq — 1) p"-^ — 1, i.e., zq — 1 is a (p^ — \)th 
power in Fpn . □ 



Lemma 9 Let the symbols be defined as before. Then the following two results hold. 

(1) //r_i^c = n — e, then c is a square in F*„ and E{~a'^, ca) = p™ . Consequently, we get C(— 1, c) 7^ 

-l±p§ m 

2 ^ ■ 

(2) Let Ne be the number of c s such that r_i.c = n — e, where c G F*„ . Then ~ pm-ef^pm _^ 

Proof: (1) Let fc{x) = d' ^ —2xP +cx, y = x^ ~^ and z = By Lemma 4, for r_i,c = n—e, we 
know that the equation fc{x) = has — \ nonzero solutions in F*n and that any two such solutions 

cci, xi satisfy x\ ~^ = x\ i.e., (7c(?/) = cP ^ y^ — 2y + c = has only one solution and yo is a 
{p'^ — l)th power in F*n. Further, gdy) = has only one solution in F*n if and only if gv{z) — has 
only one solution zq G F*„, where v = —i-pr^^ry^. Note that c = a"^ and that (3 ~ dP +^ is a primitive 
element in Fp^. Then we have c^"'"*"^ = (3'^ and u ~ 4/3""^^" G F^™. By the same argument as that of 
Lemma 4 in [7], we can get that gv{z) = has only one root in F*„ if and only if gv{z) = has only 
one root in F*m. By Lemma 8 (2), when gv{z) ~ has only one root in F*m the element u is a square 
in F*ra , which implies that t is even and that c is a square in F^n . 

(2) Since v — ^(pm'^i)pe = {-^Y ^ then v runs through + 1 times all the elements in 

F*m when c runs through all the nonzero clement in F*2m. By Lemma 8 (3), there are p™^*^ v s such 
that gviz) ~ has only one root in F*m when v runs through all the elements in F*m.. Hence, there are 
pm-e^pm 4. 1) ^ s in F^am such that gv{z) — has only one root in F*,„. By the argument of (1), there 
also arep™~^(p™ + l) c s such that gdy) ~ has only one root in Fp„. Let cq be any one of + 
c s and let yo <= F*2m be the only root of gcoiu) — 0- Next, we will prove that yo must be a {p'^ — l)th 



power in F*2„, i.e., y^' ' = 1. Let zq = ^yo G F*,r^. Then z^ +^ (P^tlt^j^zo + (p^+dp^ = 0, i.e., 

C„ C(j 



^0-1 = ^2 . By Lemma 8 (4), (zo- 1)1^ - [^2 j = f ^ j 

-^^ (^oi^ j _ -1^2^ J' _ 2^ which implies that there exists an element 6 G Fpm such 



that cf -lyg ^ ^p=-i^ yl^-l 



9" 

p"i-i 



a(p"-l)- 



pHi_i pH_i = pm_i = 1. By the result 



of (1), we know that co is a square in -Fpn, then Cg ^ =1. Hence, we have = 1, i.e., yo is a 

(p*^ — l)th power in Fp'i . The result follows. □ 
hi the next section, we will find the equations which are satisfied by E(—l,c) and C(— l,c) in order 
to determine the distribution of C(--l, c) or Cdir). 
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4 The distribution of Cd(r) 

First, using the method of [5], we can get the following Lemma. 

Lemma 10 Let the symbols be defined as above. We have the following results: 

(1) E E{-l,c)=p^-^; E{-l,Q)^-p^; 

(2) E [i?(-l,c)]' = (2p2™_iym. 

(3) E C(-l,c)=p2™;C(-l,0) = i(p"-l)p'"; 

(4) E [C(-l,c)]'=p4™. □ 

cGF^2™ 

Corollary 3 Let Ni ~ \{c e F*„ |r_i^c = n — where i = 0, e, 2e. T/ien we /iai>e 

(pm+2e _ pm+e _ _ p2e _^ 2)(p'" + 1) 
^ 2S ^ ' 

iVe=p"-'=(p" + l), 



p2e _ I 



Proof: By Lemma 9 (2), we know that = + 1). Note that + N,, + iVje = - 1. 

Further, by Lemma 10 (2), we have 

No + Nep' + N2ep"' = 2(p2™ _ 1). 

Straightforward calculation gives the result. □ 
Combining the machinery in [5], [7] and [5], we have the following results. 

Lemma 11 Let the symbols be defined as above. Then 

(1) E [E{~l,c)f = (_p2™ _^pm+e +peym^ 

(2) E [C(-1,C)]^ = |p3m(-p3m _p2m ^pm+e _^gpm ^pe)^ 
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Corollary 4 Let Ni,^ — \{c G F*„ 1, c) = ep^+s }|, where i = 0,e, 2e and e = ±1. T/ien we have 
_ - + 1) _ - 2p™ - 2p'= + 3)(p" + 1) 



N2e,i = 0, Ar2^^_i = ^ 



p2e - 1 ■ 



Proof: Using Corollary 3, Lemma 10 (1) and Lemma 11 (1), we know that 



7Vo,i + 7Vo,-i = A^o = 2? 



- 1 ^ 



7Ve4 + 7Ve,-l = iVe = + 1), 

( m^e _ m 

{No,l - A^O.-l) +P^(^e,l - iVe._i) +p^-(iV2e,l - A^2e,-l) = + 1, (2) 
(iVo.i - iVo,„i) +p^(7Ve,l - iV,,_i) +p3-(7V2e,l " iV2e,-l) = (p™ + l)(-p" + 1). (3) 

Note that both pi and are irrational numbers. Eqs. ^ and imply that 7Ve,i = ^e,-i- 
Straightforward calculation gives the result. □ 

Theorem 1 Let n = 2m, ej™, where m is odd. Let p = 1 mod 4 anrf d — 2'(pg+^j) • Then we get the 
distribution of the cross correlation C'dir) in the following. 

(pm+e _ 2p" - 2p'' + 3) (p™ + 1) . 

— 1 occurs : ^ times 

2(P'^ - 1) 

p — 1 occurs ; r times 

4(p<= + 1) 

— p™ — 1 occurs : times 

4 

^^/' p" - 1 occurs Jp"~'(p" + 1) times 

I-P' m 1 (p"'-'^-l)(p"' + l) 

p — 1 occurs ^1 times 

2 p2e - 1 

Proof: For convenience, we denote 

N^,eue2 = \{c G F;.„, | S(- 1 , c) = eip™+5 and ca) = e2P™}|, 



where i S {0, e, 2e}, ei = ±1, and £2 — ±1- By Lemma 9 (1), we know that 

Ne,l.-1 - A^e.-1,-1 - 0. (4) 

On the other hand, by CoroUary 4, we know that 



Ne,l = Ne,l,l + Ne,l,-1 = ^e,-l = Ne,-l,l + Ne,-1,-1 = + 1), 



then we can get 



Ne,l,l = = ip'"-^(p'" + 1). (5) 



Again, by Corollary 4, we can get 



N N (p'"+'^-l)(/" + l) 

N +N -N _ (p'"+--2p'»-2p- + 3)(p- + l) 
^vo,-ia + jVo.-i,-i — iVo,-i — 2(p'' - 1) ' 

iV2e,l,l+A^2e,l,-l =^2e,l =0, (8) 



-'V2e,-l,l + JV2e,-l,-l — iV2e,-l — ^J- ; (,9J 



Fm-ther, by Lemma 10 (3), (4) and Lemma 11 (2), we can get 



i(-p"-'= + l)(p'» + l), (10) 



(^0,1,1 + A^O,-l,-l) + i^-^fN2e.,-l,l + (i^)'iV2e,-l,-l 



= i(2p'"-p"-^-l)(p™ + l) (11) 

(^0,1,1 - A^O,-l,-l) + i^-^fN2e,-l,l - (ii^)=^iV2e,-l,-l 

= i(2p™+p'= + l)(p" + l). (12) 

Combining Eqs. (4.40-4.48), we can get the result. □ 

Remark 1 For p = 5 and e = I in Theorem 1, the magnitude of the cross-correlation is upper bounded 
by 2y^p" + 1. This is meaningful in CDMA communication systems. 



References 

[1] T. Helleseth, "Some results about the cross-correlation function between two maximal linear se- 
quences," Discrete Math., 16: 209-232, 1976 

[2] T. Helleseth. Kumar P V. Sequences with low correlation. Chapter in: Handbook in Coding Theory. 
(Eds. V.S. Pless and W.C. Huffman), Elsevier 1998. 

[3] H. Dobbertin, T. Helleseth, P.V. Kumar, and H. Martinsen, "Ternary m-sequences with three- valued 
cross-correlation function:new decimations of Welch and Mho type," IEEE Trans. Inf. Theory, vol. 
47, no. 4, pp. 1473-1481, May 2001. 

[4] E. N. Miiller, "On the cross-correlation of sequences over GF{p) with short periods," IEEE Trans. 
Inf. Theory, vol.45, no. 1, pp. 289-295, Jan. 1999. 

[5] E.Y. Seo, Y.S. Kim,J.S. No, D. J. Shin, "Cross-Correlation Distribution of p-ary m-Sequence of 

Period p""^ — 1 and Its Decimated Sequences by ^^ )'^"IEEE Trans. Inf. Theory, vol.54, no. 7, 
pp. 3140-3149, July. 2008. 

[6] S.-T. Choi, J.-S. No, H. Chung," On the cross-correlation of a p-nary m-sequence of period p^™ — 1 
and its decimated sequence by ^2(p+i) ^-ccepted by IEEE Trans. Inf. Theory. 

[7] J. Luo, T. Helleseth, A. Kholosha,"Two Nonbinary Sequences with Six- valued Cross-Correlation" 
Proceedings of IWSDA'll, pp.44-47. 

[8] R. Lidl and H. Niederreiter, Finite fields, vol. 20 of Encyclopedia of Mathematics and Its Applica- 
tions. Reading, MA: Addison- Wesley,1983. 

[9] Bluher, A.W.: On a;?+i + ax + b. Finite Fields Appl. 10(3), 285-305 (2004) 

[10] T. Storer, Cyclotomy and Difference Sets, Lectures in Advanced Mathematics. Chicago, IL: 
Markham, 1967. 



10 



